Abstract -Amplify-and-forward relay techniques combined with OFDM (Orthogonal Frequency Division Multiplexing) modulations are being considered for broadband wireless systems since they allow simple relay systems suitable for severely time-dispersive channels. However, since they rely in OFDM-based signals, these techniques are prone to nonlinear distortion effects.
making them very prone to nonlinear distortion effects such as the ones inherent to saturated power amplifiers and/or clipping techniques designed to reduce the PAPR of OFDM signals [9] [10] . It is well known that nonlinear devices lead to spectral widening and in-band nonlinear distortion effects on OFDM signals and these effects can be characterized analytically as in [10] - [12] . However, the impact of nonlinear effects on amplify-and-forward relay techniques is less known, and, as far as we know, was not studied analytically.
In this paper we consider OFDM-based amplify-andforward relay systems with strong nonlinear distortion effects at both the transmitter and the relay node and we present an analytical method for characterizing the distortion levels at the subcarrier level. This characterization can then be employed for performance evaluation purposes either analytically or through efficient simulations [13] . This paper is organized as follows: in the Section II the main blocks of the considered scenario and the main system parameters are described. In Section III it is made a brief overview of the mathematical formulations to model the nonlinear distortion effects in Gaussian signals. Section IV presents the characterization of the transmitted signals along the amply-and-forward relay system and expressions for the distortion levels at the subcarrier level both in the relay node (Subsection IV-A) and in the receiver node (Subsection IV-B). Section V points out the conclusions of this work.
II. SYSTEM CHARACTERIZATION
In this section we characterize the blocks of an amplifyand-forward relay system. The considered scenario is depicted in Fig. 1 . We consider OFDM signals that have N = MN subcarriers, where N of them are effectively used to transmit data and M (N − 1) are left idle to introduce an oversampling operation by a factor of M . The block {S k ; k = 0, 1, . . . , N − 1} is composed by complex data symbols selected from a QPSK (Quaternary Phase Shift Keying) constellation, i.e., S k = ±1 ± j for in the N useful subcarriers and E b = 1. Moreover, we assumed that transmitted symbols are equiprobable, i.e., E[S k ] = 0, and uncorrelated, i.e.,
the frequency-domain block {S k ; k = 0, 1, . . . , N − 1}, we obtain the time-domain samples of the OFDM signal, i.e.,
It is assumed that the autocorrelation of the input signal {R s,n−n ; n, n = 0, 1, . . . , N − 1} only depends on the time difference between the two observations and
If we consider n = n we have
As E[|s n | 2 ] = 2σ 
where Λ A (·) and Θ A (·) are the AM-AM and the AM-PM conversion functions of the nonlinearity. As we assume the power amplifier to be an ideal envelope clipping, we have
After being amplified, the OFDM signal is sent to a time-dispersive channel with frequency-responses {H 
III. CHARACTERIZATION OF NONLINEARLY DISTORTED OFDM SIGNALS USING A GAUSSIAN APPROXIMATION
When an OFDM signal is composed by a large number of subcarriers it can be modeled as a zero-mean Gaussian random process that presents stationarity. In these conditions, the real and the imaginary part of the time-domain samples, s n , can be modeled by the random variable s ∼ N (0, σ 
Consequently, the absolute values of the time-domain samples, {R n = |s n |; n = 0, 1, . . . , N − 1}, are Rayleigh distributed and modeled by R ∼ Rayleigh(σ s ) and
Using this Gaussian approximation, if an OFDM signal with its time-domain samples {s n = R n exp(jθ n ); n = 0, 1, . . . , N − 1} passes through a memoryless nonlinearity modeled by f (·), the resultant nonlinearly distorted signal {y n = f (s n ); n = 0, 1, . . . , N − 1} can be decomposed as the sum of two uncorrelated terms [14] 
where the first is a scaled replica of the input signal and the second {d n ; n = 0, 1, . . . , N − 1} concentrates the distortion effects introduced by the nonlinearity. The scale factor α can be expressed in terms of the complex envelope at the input and at the output of the nonlinearity (using (4)),
Focusing on the frequency domain we have {Y k ; k = 0, 1, . . . , N − 1} = DFT{y n ; n = 0, 1, . . . , N − 1}, with
where {D k ; k = 0, 1, . . . , N − 1} represents the nonlinear distortion effects introduced on the k-th subcarrier and is Gaussian at the subcarrier level [10] . In the Appendix it is shown that the autocorrelation of a nonlinearly distorted signal can be obtained as function of the input autocorrelation, and
with P 2γ+1 computed as demonstrated in (25). The average PSD of the nonlinearly distorted signal is
IV. TIME AND FREQUENCY-DOMAIN SIGNALS CHARACTERIZATION

A. Transmitter-Relay Link
Using the results of the previous section, the time-domain samples at the output of the transmitter amplifier {y A n ; n = 0, 1, . . . , N − 1} are given by
where
Focusing on the frequency-domain, we have
The autocorrelation of the block {y A n ; n = 0, 1, . . . , N − 1}, {R y A ,n−n ; n, n = 0, 1, . . . , N − 1}, is defined as 
Although the signal in (12) is not Gaussian, if ξ A = 1 we can consider that {w 
. , N −1} we get the frequencydomain block {Z
To characterized the distortion level between the transmitter and the relay node, we define the equivalent signal to noise plus self-interference ratio (ESNR) of the k-th subcarrier, as
In Fig. 4 it is presented the simulated and the theoretical ESNR almost equal, which can be explained by the high accuracy of theoretical PSD at the transmitter output demonstrated in Fig. 2 .
B. Relay-Receiver Link
As the variance of the real and imaginary parts of N A k is σ 
and {D B k ; k = 0, 1, . . . , N − 1} is the distortion introduced in the k-th subcarrier. In Fig. 5 it is depicted both the evolution of |H dispersive channel that models the link between the relay and the receiver and the addition of white Gaussian noise, the resultant frequency-domain block is
At the receiver, the ESNR of the k-th subcarrier is given by
In Fig. 7 it is depicted the ESNR 
V. CONCLUSIONS
In this paper we considered OFDM-based amplify-andforward relay systems with strong nonlinear distortion effects at both the transmitter and the relay node. We presented a simple, but accurate, analytical method for characterizing the distortion levels at the subcarrier level. This characterization can then be employed for performance evaluation purposes either analytically or through efficient simulations.
APPENDIX OUTPUT AUTOCORRELATION FOR POLAR MEMORYLESS NONLINEARITIES WITH GAUSSIAN INPUTS
Let us consider a complex stationary Gaussian random process s(t) whose the autocorrelation is R s (τ ) = E[s(t)s * (t − τ )]. It can be shown that after being distorted by a polar memoryless nonlinearity characterized by f (·), the auto-correlation of the nonlinearly distorted signal, y(t), that is given by R y (τ ) = E[y(t)y * (t − τ )], can also be written as a function of the input autocorrelation [12] ,
with P 2γ+1 representing the power associated to the intermodulation product of order 2γ + 1, defined as
where R is the Rayleigh variable that models the absolute value of the complex envelope at the input of the nonlinearity, p(R) is its PDF (see (7)) and L (1) γ (·) is the Laguerre polynomial of γ degree.
